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Introduction 



Following Greenberg, Zagier, Bozejko and Speicher and others we study a col- 
lections of operators a{k) satisfying the " ^j^rcanonical commutation relations " 

a{k)a^{l) - qkio){l)a{k) = 5ki 

(corresponding for q^i — q to Greenberg (infinite) statistics, for g = ±1 to classical 
Bose and Fermi statistics). We show that n! x n! matrices An{{qki}) representing the 
scalar products of n-particle states is positive definite for all n if < 1, all k,l ,so 
that the above commutation relations have a Hilbert space realization in this case. 
This is achieved by explicit factorizations of An{{qki}) as a product of matrices of 
the form (1 — QT)^^, where Q is a diagonal matrix and T is a regular representation 
of a cyclic matrix. From such factorizations we obtain in Theorem 1.9.2 explicit 
formulas for the determinant of An{{qki}) in the generic case (which generalizes 
Zagier's 1-parametric formula). The problem of computing the inverse of An{{qki\) 
in its original form is computationally intractable (for n = 4 one has to invert a 
24 X 24 symbolic matrix). Fortunately, by using another approach (originated by 
Bozejko and Speicher ) we obtain in Theorem 2.2.6 a definite answer to that inversion 
problem in terms of maximal chains in so called subdivision lattices. Our algorithm 
in Proposition 2.2.18 for computing the entries of An{{qki}) is very efficient. In 
particular for n = 8, when all qki — q, we found a counterexample to Zagier's 
conjecture concerning the form of the denominators of the entries in the inverse 
of An{q). In Corollary 2.2.8 we formulate and prove Extended Zagier's Conjecture 



which turns to be the best possible in the multiparametric case and which imphes 
in one parametric case an interesting extension of the original Zagier's Conjecture. 

By applying a faster algorithm in Proposition 2.2.19 we obtain in Theorem 
2.2.20 explicit formulas for the inverse of the matrices An{{qki}) in the generic case. 

Finally, there are applications of the results above to discriminant arrangements 
of hyperplanes and to contravariant forms of certain quantum groups. 

Acknowledgement. We would hke to thank Prof. Richard Stanley and Prof. 
Phil Hanlon for bringing to our attention some papers of Varchenko on quantum 
bilinear forms. 



1 Multiparametric quon algebras, Fock-like rep- 
resentations and determinants 

1.1 Qij-canonical commutation relations 

Let q = {qij : i,j e /, = qji} be a hermitian family of complex numbers (param- 
eters) , where I is a finite (or infinite) set of indices. 

By a multiparametric quon algebra A = A^'^^ we shall mean an associative 
(complex) algebra generated by {cj, a|, i e /} subject to the following q^j- canonical 
commutation relations 

aitt] ^ qija'jai + 5ij, foralli,je/ (1) 

Shortly, we shall give an exphcit Fock-hke representation of the algebra A'^^^ on the 
free associative algebra f (the algebra of noncommuting polynomials in the inde- 
terminates 9i,i e /) with Oj acting as a generalized ^jj-deformed partial derivative 
id — w.r.t. the variable 9i (the i-th annihilation operator), and a] as multipli- 
cation by 9i (the i-th creation operator). Moreover a| will be adjoint to w.r.t. 
a certain sesquilinear form ( , )q on f which will be better described via a certain 
canonical q-deformed bialgebra structure on f , generalizing the one used by Lusztig 
in his excellent treatment of quantum groups [Lus]. Then by explicit computation 
(which extends Zagier's method) of the determinant of ( , )q we show that ( , )q is 
positive definite provided the following condition on the parameters qij holds true : 

\qij\<l, foralH,je/ (2) 

The condition (2) ensures that all the many-particle states al^ - ■ ■ alj^ >— " " " 
ij e /, r > 0, are linearly independent, so we obtain a Hilbert space realization of 
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the gij-canonical commutation relations (1). 
We first need some notations: 

N = {0,1,2,...} = the set of nonnegative integers 

(N[/], +) = the weight monoid i.e. the set of all finite formal linear combinations 
u — X^jg/ i^ii, i^i e N, i e / with componentwise addition u+u' = ^^^^/(^'i+^'j')^ 

W\ = Eiei e N for = J2iei ^ 

Sometimes it is customary to view the elements u = ^Uii of N[/] as multisets 
M in which i appears Ui times (in case Ui < 1 we have sets contained in /) and then 
+ corresponds to the union of multisets and is just the cardinality of M. 

P : (N[7],+) X (N[7],+) — ^ (C, •), the bilinear form on (N[7],+) with values in 
the multiplicative monoid of complex numbers given by i,j h- > qij, i.e. for 

1.2 The algebra f 

We denote by f the free associative C-algebra with generators di{i G /). For any 
weight u = X^jgj i^ii € N[/] we denote by fj, the corresponding weight space, i.e. the 
subspace of f spanned by monomials 9i — 9i^ - • ■ indexed by sequences i — ii . . .in 
of weight u,\\\ = V (this means that the number of occurrences of Hn i is equal to 
i/j, for alH e /). Then each is a finite dimensional complex vector space and 
we have a direct sum decomposition f = ^^^vi where v runs over N[7]. We have 
iyi^i C fj^+j^', 1 e fo and di G f(i). An element x of f is said to be homogeneous if it 
belongs to iy for some v. We than say that x has weight v and write \x\ = v. 
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We shall consider the tensor product f (8) f with the following qij- deformed multipli- 
cation 

(X'l ® X2){x[ (g) x'2) = f3{\x2\, \x[\)xix[ ® X2X'2 

I 

= ® ^-2X2, if X2 e iu, x-^ e f^' 

where Xi, x'^, X2, 2^2 ^ f are homogeneous; this algebra is associative since I3{v, v) is 
bilinear. 

The following statement is easily verified: if r = rq : f — > f f is the 
unique algebra homomorphism such that r{Oi) — 9i ® 1 -\- 1 ® Oi, for all i, then 
{r ® l)r — {1 ® r)r takes the same value on any algebra generator 6i, namely 
6i®l®l + l®6i®l + \®\®0i yielding the coassociativity property. Thus the 
algebra f with the comultiplication r is an example of a qij- deformed bialgebra. 

Note that 

r{9i9j) = r{ei)r{9j)^ {9i^l + l^ 9i){9j 01 + 10 9j) 
= 9i9j (g) 1 + qij9j ®9i + 9i®9j + l® 9i9j 

More generally we have the following explicit formula for the value of r on a mono- 
mial 9i = 9i^9i^ ■ ■■9i„: 

k+l=n,g={k,l)—shuf fie 

where a {k, l)—shuf fie is a permutation g e Sk+i such that g{l) < g{2) < ■ ■ ■ < g{k) 
and g{k + 1) < g{k + 2) < ■ ■ • < g{k + /) and where for g E Sn we denote by Qi^gthe 
quantity 

a<b,g(a)>g(b) 
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1.3 The sesquilinear form ( , )q on f 

Note that r maps f^, into 0(j,'+,^"=,^) f,^' (8) ^1^"- Then the hnear maps f^^'+j," — 
f^' f^" defined by r give, by passage to dual spaces, hnear maps f *, f *„ — >^ 
f*, „. These define the structure of an associative algebra with 1 on For 
any i e I, let ^* e f* be the linear form given by 0*{9j) — 5ij. Let $ : f — > f* be 
the unique conjugate-linear algebra homomorphism preserving 1, such that ^{9i) — 
9*, for all i. For x,y E i, we set 

Then ( , ) = ( , )q is a unique sesquilinear form on f such that 

a) {9i, 9j) = Sij, for all i,j e I 

b) ix,y'y") = {r{x),y' <S)y"), for all x, y', y" e f 

c) {xx ,y") = {x ^ X ,r{y")), for all x, x', y " e f 

(The sesquilinear form (f(^f) x (f(^f) — >■ C given by Xi^X2,x[^x'2 — 
a;']^)(a;2, 0:2) is denoted again by ( , )). Clearly, 

d) {x,y) = if x and y are homogeneous with 7^ \y\. In particular, the 
subspaces f,^, f^' are orthogonal w.r.t. ( , ) ior u v . 

e) Let p : f — > f be the antiautomorphism of algebras with 1 which takes 9i 
to 9i (thus p(6'ii • • • =9i^---9i^). Then (p(a;), p(a;')) = (a;, x'), for aU x, x e f . 

1.4 The -deformed partial derivative maps and 

Let i E I. Clearly there exists a unique C-linear map id = fd : f — > f such that 
id{l) = 0, id{9j) = Sij, for all j and obeying the generalized Leibniz rule : 
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a) id{xy) = id{x)y + j3{i, \x\)xid{y) = id{x)y + ]\- q'^^Xid{y), if x e U 

for all homogeneous x,y. If x e f;/ we have id{x) e f^-i if > 1 and id{x) = if 
i/i — 0; moreover r{x) — id{x) + terms of other bihomogeneities. 

Similary, there is a unique C-linear map di = '^di : f — > f such that = 0, 
9i{dj) = 5ij for all j and di{xy) = (3{\y\,i)di{x)y + xdi{y) (= (Hj + 
if y e fu) for all homogeneous x,y. U x & fi, we have di{x) e fi,-i if i/j > 1 and 
di{x) — if Ui — 0; moreover, r{x) = di{x) ^9i+ terms of other bihomogeneities. 

^From the definition we see that 

b) {Oiy, x) = (y, id{x)), {y9i, x) = (y, di{x)), for all x, y 

i.e. the operator id (resp. di) is the adjoint of left (resp. right) multiplication by 9i. 

c) pdi = idp di = pidp-^) 

We shall need the following exphcit formula for id — fd : f — f 

d) id{9j^ ■ ■ ■ 9jJ = Y.{p:jp=i) Qiji ■ ■ ■ %p-i^ji • • • ^ip • • • ^in 

where " denotes omission of the factor 9j^. This formula is obtained by iterating the 
recursive definition a) for id or by using the general formula for r in 1.2. A similar 
formula holds for di. 

e) Finally, we note that the form ( , ) = ( , )q will be nondegenerate if either 
of the following conditions holds: let x e where e N[/] is different from 

a) If id{x) — 0, for all i, then x — 
(3) If di{x) = 0, for all i, then a; = 0. 
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1.5 Fock-like representations of the multiparametric quon 
algebra A^^^ 

Here we give a representation of the multiparametric quon algebra A — A^*^^ (defined 
in 1.1) on the underlying vector space of the free associative algebra f. 

PROPOSITION 1.5.1. For each i e I let a| act on f as left multiplication by 9i 
and let ai act as the linear map id defined in 1.4- Then 

a) ai,al make f into a left A - module 

b) al is adjoint to ai w.r.t. the sesquilinear form ( , ) = ( , )q defined in 1.3. 

c) tti -.i — > f is locally nilpotent for every i E I. 

Proof, a) The identity ajo] = %a]ai + 6ij (as maps f — > f) follows from the 
following computation: 
id{0jy)^idi0j)y + Pii,\0j\)0jidiy) 
= ^ijU + qijdj id{y) (because \0j\ = j e N[/]) 

For b) see 1.4 b). 

c) If X e fu, then ai{x) e f^-i if i^i > 1 and ai{x) = if i^j = 0. It follows that 
tti : f — > f is locally nilpotent. The proposition is proved. 

(Observe that the property id{l) = is just the vacuum condition for a^, with 1 e f 
playing the role of the vacuum vector |0 >. ) 

1.6 The matrix A{q) of the sesquilinear form ( , )q on f 

Here we study the sesquilinear form ( , )q on f, defined in 1.2, via the associated 
matrix w.r.t. the basis B — {0i — 0i^ ■ ■ ■0i„\ij G /, n > 0} of the complex vector 
space f = fj,. Let B' = {0i = • • • . . . , i„ all distinct} and B" — B\B' — 
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{^ii ■ ■ ■ ^in\ all ii, . . . ,in distinct}. Then we have the direct sum decomposition 
f = f f , where f = spanB , f = spanB (3) 

Note that for any weight — ^i^ii G N[7] we have fi, C f' (resp.f,^ C f") if all 

i^i < 1 (resp. some Ui > 2). Then we call such weight u generic (resp. degenerate ) 
and we have further direct sum decompositions 

f'= © f"= © (4) 

1/ generic v degenerate 

PROPOSITION 1.6.1. i) Let A = A(q) : f — > i he the linear operator, 
associated to the sesquilinear form, ( , ) = ( , )q on f defined by 

i 

Then the f , f ", f^y {v G N[7]) are all invariant subspaces of A, yielding the following 
block decompositions for the corresponding matrices 

A = A'^A",A'= A^''\A"= A^"^) 

u generic u degenerate 

Moreover, for the matrix entries we have the following formulas: 

ii) Let i — ii . . .in andj — ji ■ ■ -jn be any two sequences with the same generic 
weight v and let a — j) e Sn be the unique permutation such that a ■ i — j (i.e. 

ia--'ip) ^ jp, 0,11 p). Then 

where (c.f. 1.2) 

{a,b)el{<j) 
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with I{a) = {{a,b)\a < b,a{a) > ct(6)} denoting the set of inversions of a. 

Hi) Let i = ii . . . in and} = ji . . . jn be any two sequences of the same degenerate 
weight u and let (j(i,j) = {cr e -S'„|v-i(p) = jp, all p}. Then 



(^) 



A - 



CTGcr(i,j) 



o-Gcr(i,j) 



Proof, i) follows from 1.3d) 
ii) We have, by 1.4b) 



Now by applying the formula 1.4d) successively for i — ii,i2,... and if ^^.(i) = 
ii:ja{2) = ^2, • • • we obtaiu 

( n n n (liah^^T^ 

1<6,(t(6)<ct(1) 2<&,(t(6)<ct(2) a<h,a{b)<a{a) 

SO the claim follows. 

The proof of iii) is similar as for ii) with only difference that a is not unique. 

Remcirk 1.6.2 Note that for any weight v — Y^Vii with \v\ — Y^v^ — n, the size of 
the matrix A'^^^ is equal to the multinomial coefficient jp~T = dimf,^, in particular 
for V generic, is an n\ x n\ matrix. 

Example 1.6.3 Let / = {1, 2, 3} and v generic with i/i = z/2 = t'a = 1. Then w.r.t. 

basis {^123, ^132, ^312, ^321, ^231, ^213} 

/ 1 523 g23gi3 gi2?13?23 ?12?13 ^12 \ 



^123^ 



?32 1 ?13 ?13?12 ?12?13?32 ?12?32 

Q'32Q'31 ?31 1 §12 Q12Q32 9l293l932 

1 ?32 ?3l932 

^23 1 531 

\ • • • gi3?23 ?13 1 



X Y 
Y X 



I 



where X'^ ^ X,Y^ ^Y. 

Example 1.6.4 Let / = {1,2,3} and u degenerate with ui — 2, 1/2 — 0, — 1. 
Then w.r.t. the basis {^^113, ^^131, 6'3ii} 

/ 1 + gii qi3 + gi 1(713 qls + giigi3 \ 

A^^^ = 931 + 931^11 1 + 9ll 913^31 qi3 + QllQlS 

\ Qii + (liiQu 931 + 931911 1 + 911 / 
Now we state some properties of the matrices A^'^\ u generic, which follow from the 
Proposition 1.6.1. For any sequences i, j of weight 1/ we have : 

a) = 1 

b) Ai'^J = A\'^) (A(^) is hermitian) 

c) = j^ where i — in ■ ■ ■ h denotes the reverse oi i — ii . . .in 

The property c) follows from the p-invariance 1.3.e) of ( , )q. Equivalently, we 
can write this in the matrix form 

where P^^\= [P'^"^)^^) is the permutation matrix defined by P/j'' = &iy As in 
our example for n = 3, one can also for general n write the matrix A^^\ v generic, 
in the form ^ ^ ^ ) ' ^^^^ hermitian and Y symmetric (e.g. if one uses the 
Johnson- Trotter ordering of permutations (see [SWh],p.2). 

1.7 A reduction to generic case 

Some questions about the matrices A^^^ for general v (e.g. invertibility, positive def- 
initencss) can be reduced to the generic situation by using the following observation. 

Let V — Vii e N[/] be a degenerate weight. We shall embed the matrix A^^^ 
as a block in a block-diagonal matrix associated to some generic weight. To do this 
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let / be any set of size equal to n = |z/| = J2i let : / — > / be a function 

which maps exactly Vi elements i of / to i e /, and let q be the induced hermitian 
family of parameters := Qijiijj £ I) where i — (f){i),j — (l>{j)- 

Let f be the free associative algebra with generators 9i, . . . ,9n and let ( , )q be 
the sesquilinear form on f associated to q (as in 1.3). Let fj> be the generic weight 
space corresponding to i> e N[7] where = 1, for every i e I. Let H — H^, he 
the group of all bijections of / which map 4>~^{i} to itself for every i e 4>{I)- This 
group is isomorphic to the Young subgroup Hi'^'t/i C Sn- Let Y be the subspace of 
fjj spanned by H-invariant vectors Oj^r — YliheH^h-l where ^^.r = ^i^^-i^^^ ' ' ih-i( )' 
Then for the operator A associated to the form ( , )q we have 

heH heH i 

Now for fixed i let r be the unique permutation t G Sn such that j = ri. So 

E(ij'^~i)^ = J2^lM (byProp.L6.Lii)) 
heH heH 

— Qi^hr (by the definition of g-j) = A['^) (by Prop. 1.6.1.iii), 

heH 

where i = ii . . . i„ = 0(ii) . . . (t>{in) =: 0(i) and j = 0(j). Note that j = 0(/ij) = 
(f){hT'\) — {hr) ■ i, hence c(i, j) = Ht. So we can write 

i i 

Thus we have proved that Y is an invariant subspace of the operator A associated to 
the form ( , )q and moreover that the matrix of A|y w.r.t the basis of if-invariant 
vectors 9jji coincides with A^''\ From this fact we conclude that 
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1) If A|f. is invertible, then A^*^) is invertible too. In particular 

where i, j are chosen so that 0(i) = i, 0(j) = j. This means that the entries of 
[^(i^)]-!^ 1/ degenerate can be read off from the sums of H-equivalent columns 
of the matrix [A^'^^]"^, corresponding to the generic weight u. 

2) The determinant of ^4*^^^ divides the determinant of A^'^\ 

3) If A'^'^^ is positive definite, then A*^^) is positive definite too. 

1.8 Factorization of matrices A^'^^ for u generic 

First of all we point out that the rows of our multiparametric matrices A^'^^ are not 
equal up to reordering (what was true in [Zag], where all Qij are equal to q). 

Therefore, the factorization of the matrices A^^^ can not be reduced to the 
factorization of the corresponding group algebra elements as was treated by Zagier. 
Instead, by a somewhat tricky extension of the Zagier's method we show how this 
can be done on the matrix leveP. This is achieved by studying a gj^-deformation of 
the regular representation of the symmetric group which is only quasimultiplicative, 
i.e., multiplicative only up to factors which are diagonal (^j^ -dependent) matrices 

("projective representation"). 

^ After completing this paper it becomes clear that the matrix level computations can be re- 
placed by algebraic manipulations in a certain twisted group algebra and then quasimultiplicative 
representations can be considered as ordinary (multiplicative) representations of this twisted group 
algebra. This point of view will be elaborated elsewhere. 
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Let u — '^Vii e N[/] be a generic weight (i.e. Vi < 1, for alii e /) and 
let n = = X^t'j. Let Ri, denote the action of the symmetric group Sn on the 
(generic) weight space f^,, given on the basis — {9i — Oi^^ • ■ ■ 9i^,\i\ — u} of f,^ by 
place permutation, 

R^g) ■ 0} = % ■ ■ ■ dju ' ^g-i = ^ig-i(i) ■ ^i9-i(n)- 

Note that g{k) indicates the place where the factor dj^ goes under the action Ry{g). 
Then Ry is equivalent to the right regular representation Rn of Sn- 
The corresponding matrix representation, also denoted by Rv{g) is given by 

Now, we need more notations. Let for 1 < a, 6 < n and Q^{g), for g E Sn 
be the diagonal matrices (multiplication operators on ) defined by 

{Qa,b)hi ■~ Q.iaibi 

(e.g (Q^^f )4123,4123 = gi3 if ^ = {1, 2, 3, 4}, i/1 = = = = 1) 

a<6,ff-i(a)>g-i(6) (a,6)e/(g-i) 

Note that qij = qji implies that Q^^— [Qab\*- ^^^'^ denote by \Qab\ the diagonal 
matrix defined by \Qa,b\i,i = \Qiaib\- The quantity Q'^,, ■ Ql^^i^ \Qa,b\'^) we abbreviate 
^ Q{a,b}- 

More generally, for any subset T C {1, 2, • • • , n} we shall use the notations 

a,beT,a^b 
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e.g. 5 0} — Q{3,5}Q{3fi}Q{5fi} — Q3,5Q5,3Q3fiQ5,6Q6,5- 

The following qij- deformation of the right regular representation R^, defined by 

Mg) ■■= Q''{g)R.{g), g e Sn 
will be crucial in our method for factoring the matrices A^^^ i/-generic. 

PROPOSITION 1.8.1. Ifv is a generic weight with = n, then for the matrix 
A*^^) of { , )q on f,y we have 

geSn 

Proof. The (i, j)-th entry of the r.h.s. is equal to 

^^^(^)iJ = E3e5„ QidkiRAdh = EgG5„ Qhg-'kg-i = Qi,T-h if i = rj (such r 
is unique, because |i| = |j| = z/ is generic), what is just according to Prop. 1.6.1 
ii) and the proof follows. 

Before we proceed with the factorization of matrices A^^^ we need more detailed 
information concerning our "projective" right regular representation R^, which is 
only quasimultiplicative in the following sense: 

PROPERTY 0. (quasimultiphcativity) 

Rv{gi)Ru{g2) = Kigm) if l{gig2) = l{gi) + l{g2) 

where l{g) := Card I{g) is the length of gf e 

This property follows from the following general formula : 
PROPOSITION 1.8.2. For any gi, g2 E Sn we have 

Rv{gi)Rv{g2) ^ M^{gi,g2)K{gig2) 
13 



where the multiplication factor is the diagonal matrix 

92)- n n QUa),.m)- 

Proof. First we observe that for any diagonal matrix D, its conjugate by the 

"permutation" matrix R{g), -D*-^^ = R{g)DR{g)^^ is a diagonal matrix such that 
D^^) — Dg-i.ig-i.i. Then by the definition of R^, and writing Q instead of Q'^ we 
obtain: 

RMRM = Q(gi)[RMQ(g2)]Ru(92) - Q(9i)Q(g2)^''^RMRu(92) 
= Q{9i)Q{92Y''^RA9i92) = Q{9i)Qi92Y''^Q{gig2)-'RA9i92) 

i.e. MM,g2) = Q{gi)Q{g2)^^^^Q{gig2)-'. 

By using that [Qi%,i = [Qa,b]g-'-i,g-'-i = ^w.^i^ Qa,b = Qg{a)Mb)) we can 
rewrite and split Q{g2Y^^^ and Q{g\g2) as follows : 

(91) 



Q{92) 



(91) 



n Q. 

ia,b'W{9^') 



n ^^itb' ~ n <3si(a')5i(6') 

(a',6')e/(a2-i) (a',6')G^fe"') 

JJ^ <5a,6 = JJ^ Qa,b ' JJ^ Qa,6 

(9r'(«),9r'(fc))6/(S2-') (a,6)G/(ff2"'9r')-^(ffr') (fe,a)e/(ar')--f(92"'9r') 
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Q{9l92) = Yl *5a,6 

{a,b)eI{g2^9T^) 

n n Qa,b = Q'-Q" 

{a,b)€l{g^^)nl{g^^g^^) {a,b)€l{g^^g^^)-I{9i^) 

Finally, since diagonal matrices commute, after cancellation, we get 



(a,6)e/(flr')-J(92"'flr') {b,a)el{g^^)-l{g2^9^^) 

= n Q{a,b}, 

(a,6)e/(flri)-/(52-iflri) 

and the proof is finished. 

For l<a<6<nwe denote by ta,b the following cyclic permutation in Sn 

ta,b '■- 



a a + 1 ■ ■ ■ b 
b a ■■■ 6-1 

which maps 6 to 6 — 1 to 6 — 2 ••• to a to 6 and fixes all 1 < k < a and b < k < n. 

Its inverse is then 

a a + 1 ■ ■ ■ b 



^"'^ \ a + 1 a + 2 ■■■ a 
Note that the corresponding sets of inversions are equal to I{tafi) = {{a,j)\a < j < 
Hand I{t;l)^{ii,b)\a<i<b}. 
We also denote by 

ta := <a<n) 

the transposition of adjacent letters a and a + 1. 

Then, from Proposition 1.8.2, one gets the following more specific properties 
of Ri, which we shall need later on: 
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PROPERTY 1. (braid relations) 

Ry{ta)Rv{ta+l)Rv{ta) = Ry{t a+l) Rv{t a) Rv{t a+l) , for all O = 1, . . . , 71 - 2 

Ri,{ta)Ru{tb) — Ru{tb)Ru{ta), for all a, 6 = 1, . . . , n — 1 with |a — 6| > 2. 
PROPERTY 2. 

Ru{g)Ru{ta,b) = Y\. ^{g{b),gii)}^''i9ta,b), 

a<i<b,g{i)>g(b) 

ior g E Sn, 1 < a < b < n. In particular we have 
PROPERTY 2'. 

Ru{g)Rv{tk,m) — Rv{gtk,m), 

for g e Sm-1 X 1 < k < m < U. 

PROPERTY 3. (commutation rules) i) For l<a<a'<m<n 

^A^a ,m)^yi^o.,m) = Q\m-l,m}^y{^a,m-l)Ry{ta' +l,m) ' 

ii) Let Wn = nn — 1- ■ - 21 he the longest permutation in Then for any g & S, 

R^{gWn)Rv{Wn) = Rv{Wn)Rv{Wng) 

= ( n Q\a,b}m9){-\Q''{9^n)?R{g)) 

a<6,ff-i(a)<g-i(6) 

PROPERTY 4. For any 1 < ai < 02 < • • • < < m < n, we have 

Ru{ia\,rri)Ry{j^a2,'rn) ' ' ' Rvij^as,m) Ru{ia\,mta2,m ' ' 'tas,m)- 

Now we can state our first factorization of the matrices A^^^ , y generic. 
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PROPOSITION 1.8.3. Forl<m<n, we define 
Then we have the following factorization 

Proof. Since any element g & Sn can be represented uniquely as gitk^m with 
gi e Sn-\ X Si G Sn and 1 < k <n (namely k — g~^{n),gi — gfj^^), we can write 

se5n gie5„_ixSi,l<fc<n 
n 

sieSn-ix5i fc=l 

where the first equality is by Prop. 1.8.1 and the third equality follows by Property 
2'. Subsequently, we represent gi e Sn-i x Si uniquely as gi — g2tk2,n-i with 
g2 e Sn-i X 5"^ and 1 < k2 <n — 1 and so on. The claim follows. 

We now make a second reduction by expressing the matrices A'^'^^'™ in turn as 
products of yet simpler matrices. 

PROPOSITION 1.8.4. Let C('^)''"(m < n) and L)(^)'"^(m < n) be the following 
matrices 

J^{v),m = [/ _ Q\^,^_^i^^Ru{ti^rn)][I - Q{^,^+i}-Ri/(^2,m)] •••[/- Q\m,m+l}^^i^rn,m)]- 

Then 
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Proof. Let ^W-'-'"* Y^T=rMtk,m), so that = ^H,m^ ^(i.),m,m ^ J 

(because i^^^ = 1 e By using Property 3. (commutation rules) we find 

m m— 1 

^( )' ! Ru{tr,m)} Rvij^r,rn) ~l~ ^ ] ^v{tk,m) ^ ^ ^u{tk,m)^i>itr,m) -^i/(^r,m) 

A;=r+1 ^=7" 
m m 

= ^ Rv{tk,m) — ^ Q{m-l,m}-^i^(^r,m-l)-Ri/(^fe,m) 

fc=r+l k=r+l 

and hence by induction on r (starting with the trivial case r = 0) 

The case r — m — 1 oi this identity is the desired identity. 

1.9 Formula for the determinant of A^'^\ u generic. 

So far we have expressed the matrix A'^'^^ as a product of matrices like I—Q'^^^ rn+i}^^i^k,m) 
or [I — Rv{tk,m)\~^ ■ Thus, in order to evaluate det74(''\ we first compute the deter- 
minant of such matrices. 

LEMMA 1.9.1. For v generic with |z/| = n, we have 

a) det(/ - K{ta,b)) = n (□^)(''-«)K»+«-&-i)!, (1 < a < 6 < n) 

/iCz/,|/i|=6— a+l 

b) det{I-Ql,^,^,Aita,,)) = n (□^)(^-«)K''-«+2)!(n+a-;.-2)!^ {1 < a < b < u) 

IJi'Qi^,\lJ-\=b—a+2 

where for any subset T <Z I we denote by Dr the quantity 

□r:=i-gT; n n I^^jI^) 
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in which the last product is over all two-element subsets ofT (We view u as a subset 
of I, hence iiQu means that fi is a subset of u). 

Proof, a) Let H :=< j >C S'„ be the cyclic subgroup of Sn generated by 
the cycle ta,b- Then, each i7-orbit on f,^, f].'^" = span{9^k ^.i\0 < k < b — a}, (which 
clearly corresponds to a cyclic fa^(,-equivalence class [i]a = • • • (iaia+i ■ ■ ■ ib) ' ' ' in 
the sequence i = ii . . . i„ of weight u) is an invariant subspace of Ruita^b) (and hence 
of Ri,{tab))- Note that Rj,{tab){dt*' -i) — CkOfk+i- where = q.k .n-i{0 < k < b — a) 

' ' o,,b a,b a,b ' 0,6 

i.e. 

Co — QiaibQia+iib ' ' ' Qib-iibi 

Cl — Qia+liaQia+2ia ' ' ' 'Jibial 

^b-a — Qibib-i^iah-i ' ' ' 1ib-2ib-i^ 

i.e. Ri,{ta,b)\fi' is a cyclic operator, hence 

det{I - R,{ta,b)\ff^) = l-CoCi---Cb-a=l- H 

i¥=je{ia,-,ib} 

= 1- n hA'=°{^a,...M- 

{i,j}C{ia,-,ib} 

Note that this determinant depends only on the set {ia, ia+i, ■■■,%} and that there 
are (6 — a)!(n — (6 — a + 1))! cyclic ta,b -equivalence classes corresponding to any given 
(6 — a + l)-set jj, — {ia, . . . ,ib} a ly. (Here we identify a generic weight 1/ — '^i/i ■ i, 
Ui < 1 with the set {i G = 1}). 

b) Similary as in a) we have Q'ru f,,i\Ru{ta,b) i&t'' i) — c?fe^t'=+i.i(0 < k < b — a) 

\ ^ ' J a,b a.,b 

where do = Co|gjji(,+iP, di = Ci|gj„j^_^J^ . . ., 4-a = Cb-a\(lib-iib+A^ (with as above). 
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Then 

Now, for given (b — a + 2)-set /j, C we shall count the number of if-orbits 
labeled by [i]^ on which the above determinant assumes the same value D^. We can 
choose any element of /i to be i^+i (in 6 — a + 2 ways), then the remaining b — a + 1 
elements in n can be arranged in (6 — a+1)!/ (6 — a + 1) = (6 — a)! cyclic arrangements 
(ia • • • ib) and the remaining n — (6 — a + 2) positions in [i]^ = ii • • • (i^ • • • ^6)^6+1 ■ ■ - in 
can form any permutation of the set i/ — /i (in (n + a — 6 — 2)! ways). 

THEOREM 1.9.2. [THE DETERMINANTAL FORMULA] The determi- 
nant of the matrix A^'^\ u generic, is given by 

det^('^)= H (□^)(M-2)!(H-M+i)!. 

nCv,\iu\>2 

Proof. By Lemma 1.9.1 applied to matrices C^'^)'"*, (defined in Prop.1.8.4), 

we have 

/iCfc',2<|/i|<m 

detDW'"*-^ = Y[ (□^)(lM|-2)!|Ml(n-|/^l)! 

/iCi^,2<|;u|<m 

Then, by Prop 1.8.4 

det A^''^'"' = det D^"^'""-^/ det C^'^)'"* = JJ ^□^^(|Ml-2)!(n-lMl)! 

/iCt/,2<|/i|<m 

Finally, by Prop 1.8.3 

n 

det A(^) = J] det = J] (□^)(lM|-2)!{n-|Ml+l)!. 

m=l /iCl/,|/L^|>2 
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This completes the proof. 

In particular, in Example 1.6.3 (/ = {1, 2, 3}, ui = 1/2 = 1^3 = 1) we have 

detA''' = (1 - iqul'm - - - M'M'M') 

Remcirk 1.9.3. Theorem 1.9.2 represents a multiparametric extension of the The- 
orem 2 in [Zag] which states that in one-parametric case (g^j = q): 

n 

nj /I -I \ n!(n— fc+l) 

k=2 

(e.g. det>l3(g) = (i-gY(i 

THEOREM 1.9.4. The matrix A — A{q) associated to the sesquilinear form 
( ' ) — i J )q on f , (see 1.3 and 1.6) is positive definite if\qij\ < 1, for alli,j e /, so 

that the qij-cannonical commutation relations 1.1(1) have a Hilhert space realization 
(cf 1.5). 

Proof. From Prop. 1.6.1 we know that A = ^^4*^'^). For u generic, we see 
directly from Theorem 1.9.2 that A'^"'' is nonsingular if \qij\ < 1 for all i 7^ j e /. 
According to the reduction to the generic case (discussed in 1.7) we see that A'^'^\ 
V degenerate, is also nonsingular if \q^\ < 1, for all i,j e /. Since ^(0) (i.e. if all 
qij — 0) is the identity matrix and the eigenvalues of ^(q) vary continuously with 
qij and are real (because A{q) is hermitian) we see that ^(q) is positive definite if 
\Qij\ < e I- 

2 Formulas for the inverse of A^^\ v generic. 

The problem of computing the inverse of matrices A^^") appears in the expansions 
of the number operators and transition operators (cf [MSP]). It is also related 
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to a random walk problem on symmetric groups and in several other situations 
(hyperplane arrangements, contravariant forms on certain quantum groups). We 
shall give here two types of formulas for [A^"^^]"^: a Zagier type formula and Bozejko- 
Speicher type formulas. 

2.1 Zagier type formula 

First we give a formula for the inverse of A^^\v generic, which follows from Prop. 1.8. 3 
and Prop.1.8.4 : 

= [^M,n]-l...[^M,l]-l 

To invert A^^\ therefore, the first step is to invert D^^^'"^ for each m < n. First we 
recall the notation = Ua,beT,a^b Ql,b^ Dr = ^ - <5t ^ {!> 2, . . . , n}) from 1.8. 

PROPOSITION 2.1.1. For n e let Des{n) denote the descent set ofn (i.e. 

the set {1 < i < n — l|7r(i) > 7r(z + 1)}^ and let W^{7i){m < n) he the following 
diagonal matrix 

iS£'es(7r~i) 

Then the inverse of the matrix D^*^)'"* is given explicitly by 
where 
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and where A^'^^'"* is the following diagonal matrix 

^ ■— L-l[l..m+l]l— l[2..m+l] L-I[m..m+1] 

(Here [a..b] denotes the set {a,a + 1, ■ ■ ■ ,b}). 

Proof. Denote by a — > a the obvious 
(i.e. cr(l) = l,5-(i) = (7(i — 1) + 1 for i > 1). This is a homomorphism since 
a = ti l^ati^n (because m < n). It is easy to check that then 

R{a) = R{ti,n)-^R{a)R{ti^n) 

Also we note that ta,b — ta+i,b+i, for 1 < a < 6 < m. Thus we can rewrite the matrix 
j^{u),m ^ follows: 

where we set 

1 _ _ Q'^^^^_^-^yR^[t2,m)] ■■■[/- Q{m,m+l}^i^{'tm,,m,)] 

= [I - Q{m,m+l}R'^i'tl,m-l)] ■ • ■ [I - (5{m,m+l}-^i'(^m-l,m-l)] 

By noting that Ruitl,n)Q{m,m+l} = Q{m-l,m}^'^^^^,n) 

Q{m,m+1} = ^.(^l,n)~'Q{^_i,^}i?.(^l,n)) We have 

f)iiy),m 1 ^ Ri,{ti^n) ^[^ - Q{m-l,m}^AKrn-l)] ' ' ' - Q{m-l,m}^A'tm-l,m-l)]Ru{tl,n) 

= i?,(ti,„)-^L>(^)'— ii?,(ti,0 

Therefore, to prove the formula [D^")'"^]-^ = [AM'"^]-i£;('^)'"^ by induction, it suffices 
to show that 

£;M'-(7 - Q'(^,^^,}RAtl,m)) = [1 - Qll..m+l]]E^''^'"'~' (*) 
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where we set 

To show (*), we first calculate 

aeSmXS^-"" 

By using that a{m + 1) = m + 1, and by Property 2 (stated in 1.8) 

= ^m{'^)Q{a{m),m+l} Y\ Q{<T(m) 

neSruXS]^-"" 7r(l)<j<m+l 

By observing that the descent sets of n"^ and (7rtj~^)~^ = ti^m^r^^ are related by 

Des(f ^-il-/(^^^(^"')\^(l)-l})UWl)}, if^(l)>l 
UeS[t,,m7r ) - I ^,,(^-1) [J{^^i)}^ if ^(1) = 1 

we see immediately that 

W^(^f-^\ TT _fWn,in), if7r(l)>l 

-11 ^^MD.} - [ gf,..„^,]W^^(7r), if 7r(l) 1 

By plugging this into the l.h.s. of (*), after cancellation, we obtain the r.h.s. of (*). 
This completes the proof of Prop. 2. 1.1. 

We next give a formula expressing the matrices C^''^''^{m < n) as a sum rather 
than a product (see Prop. 1.8. 4). 

PROPOSITION 2.1.2. The matrices CM'"*, (m < n) defined in Prop. 1. 8.4 are 

given by 

n 
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where Sm'' is the subset of Sm of cardinality (J^_l) consisting of those permutations 
TT for which 7r(l) < • • • < 7:{k) > ■ ■ ■ > 7r(m). 

Proof. Multiplying out the terms in the product defining C^'^^'™', we find that 

m—1 

s=0 l<ii<---<is<m— 1 

m—1 

what by Property 4 (in 1.8) = ^(-1)' J] Mth,m- ■ ■ti^,m). 

s=0 l<ii<---<is<m— 1 

The element a = ti-^.mti^.rn • • •ti^.m of Sm x 5"""^ maps ii to m, ^2 to m — 1, . . . , 
and is m — s + 1 and maps the rest in {1,2,..., m} monotonically increasingly 
to {1, 2, . . . , m — s}. Moreover it is clear that the number of inversions \I{cf)\ — 
(c-f- Property 4 in 1.8). 
The Proposition now follows by setting tt = and k = m — s. 

Remark 2.1.3. The Propositions 2.1.1 and 2.1.2 are multiparametric extensions of 
Propositions 3. and 4. of [Zag]. 

2.2 Bozejko-Speicher type formulas 

In addition to the, multiplicative in spirit, Zagier type formula for the inverse of A^'^^ 
{u generic), given in 2.1., one also has another, additive in spirit, Bozejko-Speicher 
type formula (c.f. [BSpl], Lemma 2.6.) which, in the case of symmetric group S'„, we 
shall present here, in slightly different notation, together with several improvements. 

We point out that in Zagier type factorizations (see Prop. 1.8. 3) one of the key 
ingredients was the following coset decomposition of the symmetric group Sn with 
respect to its Young subgroup S^n-i} '■= Sn-i x : 
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with /9{„-i} = {ti,n,t2,n, ■ ■ ■ ,tn,n} consisting of distinct coset representatives tk,n 

, 1 ))• Note that /3{n-i} = {g & 

Sn\g~^{'^) < ■ ■ ■ < g~^{n—l)}, so each tk^n is of smallest length in the coset S{n-i}tk,m 
it generates, for each k, 1 <k <n. 

Similary we have the left coset decomposition 

Sn = 7{1}'S'{1}, 

where S{i} := x S^-i, 7{i} ^ {g ^ Sn\g{2) < ■ ■ ■ < g{n)} = ii,2, . . . , h^n-i}- 
In general for J — {ji < j2 < • • • < ji-i} C {1, 2, . . . , n — 1} let 5*7 be the 
Young subgroup of Sn 

Sj '.= Sj-^ X Sj2—j^ X ■ ■ ■ X Sn—ji_i, S(f, = Sn- 

Note that with such an indexing the Young subgroup Sj is generated by all adjacent 
transpositions ti = tt,i+i, i G J'^, J'^ = {1,2, ... ,n — 1} \ J, (e.g. = Sn is 
generated hy ti, . . . , tn-i), and hence Sj is the nontrivial product of the symmetric 
groups corresponding to the maximal components of consecutive elements in the 
complement J'^. 

Then the following is the left coset decomposition : 

Sn = ijSj 

where 7j = e Sn\g{l) < ^(2) < • • • < g{ji),g{ji + !)<•••< ^(ja), • • • , gUi-i + 
!)<•••< g{n)}. 

The definition of 7j can also be put in the following way 

FACT 2.2.1. g e-fj^ i?(l)£/(2) • ■■g{n) is the shuffle of the sets 

\ji + l..j2\, ■ ■ ■ + l,n\<^ the descent set Des(g) ^ {1 < i < n - l\g(i) > 
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g{i + 1)} of g is contained in the set J (c.f. [Sta, pp. 69-70]). (Here [a..b] denotes 
the set {a, a + 1, ... , b}.) 

Moreover, each g & Sn has the unique factorization g — ajgj with gj e Sj and 
aj e -fj and with l{g) = l{aj) + l{gj). 

For arbitrary subset X C 5'^ we define the matrix Ry{X) by 

g&X 

PROPOSITION 2.2.2. Let u he a generic weight, \v\ — n. For any subset 
J = {ji < j2 < • • ■ ji-i} of {1,2, ... ,n — 1} let A^j\ Fj'"' be the following matrices 

Then the matrix A^'^\— A^^"*) of the sesquilinear form ( , )q (see Prop. 1.8.1) has 
the following factorizations 

Proof. By quasimultiplicativity of and FACT 2.2.1 we have Rv{g) — 
R,{aj)R,{gj). Hence = R,{Sn) = R,{,^j)K{Sj) = TfA^^\ 

The following formula is the Bozejko-Speicher adaptation of an Euler-type char- 
acter formula of Solomon. In the case 1^ = it reads as follows : 

LEMMA 2.2.3. (c.f[BSp2j Lemma 2.6) Let ^ n . . .2 2 I be the longest 
permutation in Sn- Then we have 

JC{l,2,...,n-l} 
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For the reader's convenience we include here a variant of the proof (our notation 
is shghtly different). For any subset M C {l,2,...,n — 1} we denote by 5m the 
subset of Sn consisting of all permutations g & Sn whose descent set Des{g) is equal 
to M. Then by FACT 2.2.1 it is clear that 7j — Umcj (disjoint union), implying 
that 

MQJ 

By the inclusion-exclusion principle we obtain 

JCM 

By letting M = {1, 2, . . . , n — 1}(=^ Sm — {wn}) we obtain the desired identity. 

By combining Prop. 2. 2. 2. and Lemma 2.2.3 we obtain the following relation 

among the inverses of matrices A^j^'^s. 

PROPOSITION 2.2.4. (Long recursion for the inverse of A^"^): We have 

= ( E + (-i)"^.K))-^ 

</.^JC{l,2,...,n-l} 

Proof. By substituting T^j^ = A^^'^A^j^^ (Prop.2.2.2) into Lemma 2.2.3 and 
by multiplying by [74*^^^^]"^ we obtain 

[A^'^Y'M^n) = E {-ir-'-\'\[A^p]-' 

JC{l,2,...,n-l} 

0^JC{l,2,...,n-l} 

But A^^^ = A^''\ so the proof follows. 
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REMARK 2.2.5. Let us associate to each subset (j) ^ J = {ji < j2 < ■ ■ ■ < ji-i} Q 
{1, 2, . . . , n — 1} a subdivision <j{J) of the set {1,2,..., n} into intervals by 

a{J) = JiJ2---Ji, 

where Jk = [jk-i + ^--jkliJo = 1, j« = n). (Here [a..b] denotes the interval {a, a + 
1, . . . ,b — l,b} and abbreviate [a..a]{— {a}) to [a]). 

The Young subgroup Sj can be written as direct product of commuting sub- 
groups 

Sj — 5'[i..jj]5'[jj+i..j2] • • • 'S'[j;_-^+i..„] = Sj^Sj2 ■ ■ ■ 

where for each interval I = [a..b], 1 < a < b < n we denote by Sj = S[a„b] the 
subgroup of Sn consisting of permutations which are the identity on the complement 
of [a..b] (i.e. S[a..b] = X S^-a+i x Sr')- By denoting = A'^^,^ := MSia.M]), 
we can rewrite the formula for [/l*-'^'']"^ = in Prop. 2. 2. 4. as follows: 

a=Ji-Ji,l>2 

where the sum is over all subdivisions of the set {1,2,..., n}. Similar formula we 
can write for for ^-^y nondegenerate interval [a..b], 1 < a < b < n. Of 

course if a = 6, [^[a^]]"^ is the identity matrix. 

Now we shall use an ordering denoted by < on the set S„ of all subdivisions of 
the set {1, 2, . . . , n}, called reverse refinement order, defined hy a < a' if a' is finer 
than a i.e. a' is obtained by subdividing each nontrivial interval in a. The minimal 
and maximal elements in S„ are denoted by 6„(= [l--"^]) and i„ = [1][2] • ■ • [^t-]- We 
shall call (E„, <) the lattice of subdivisions of {1,2,..., n}. For example we have 
Si = m},^2 = {[12], [1][2]},E3 = {[123], [1][23], [12][3], [1][2][3]}, 
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Figure 1: E4 = The lattice of subdivisions of {1, 2, 3, 4}. 

S4 = {[1234], [123][4], [12][34], [1][234], [12][3][4], [1][23][4], [1][2][34], [1][2][3][4]}. (Here 
[1234] denotes the interval [1..4] = {1,2,3,4} etc.) 

Now for each interval I — [a..b],l < a < b < n we denote by wj — W[a..b] '■— 
12---a — 1 b b — 1 ■ ■ ■ a b + 1 ■ ■ ■ n the longest permutation in S[a..b] (= S^^-^ x Sb_a+i x 
Si~'') and by *j = '^'[a..b]^ a < 6 the following matrix 

I— I [a.. 6] 

= T^^i, $^=/-(-l)|^li?.K) 
1—1/ 

where Dj^ (,] is the diagonal matrix (agreeing with the definition of \Z\t given in 1.8): 

n\[a..b] — ^{a,a+l,-,b} — ^ ~ Q{a,a+l,...,b} ~ ~ IT I^mI^' iQ'k,l]h-in,h-in — QikH 

a<k<l<b 

Accordingly, for each subdivision cr = /1/2 • • • /; G E„ we define 



K--= n n 

and similary for any chain C : a^^^ < ■ ■ ■ < cr*^"*-* in S„ we define 

In the same way we introduce notations \Z\c observe that then 

I— Ic 

For example if C : O5 = [12345] < [12] [345] < [1][2][34][5] < U, then 

% = *{3,4}(^{1,2}^{3,4,5})^{1,2,3,4,5} 

_ \ cb'' (b^^ (b'^ cb'' 

- 7=^ 7=^ 7=^ ^{3,4}^{1,2}^{3,4,5}^{1,2,3,4,5}' 

LJ{3,4}I— 1{1,2} I— 1(3,4,5} U{i,2,3,4,5} 
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for any generic weight ly, |z/| = 5. 

Now we can state our first explicit formula for the inverse of A^'^'^ in terms of 
the involutions wj — W[a..b], 1 < a < b < n. 

THEOREM 2.2.6. Let u be a generic weight, — n. Then 



subdivision lattice E„ and where denotes the total number of nondegenerate 

intervals appearing in members of C. 

Proof. The formula follows by iterating the formula (*) in Remark 2.2.5. 

REMARK 2.2.7. If we represent chains C : 6„ = cr^^) < a^^^ < ■ ■ ■ < cr^"*-^) < i„ of 
length m > 1 as generalized bracketing (of depth m) of the word 12- ■ - n with one 
pair of brackets for each nondegenerate interval appearing in the members of C (e.g. 
65 = [12345] < [12][345] < [1] [2] [34] [5] < ig is represented as [[12][[34]5]]), then we 
can write the formula in Thm.2.2.6 as 



where the sum is over all generalized bracketings of the word 12 • • • n and where 
b[j3) denotes the number of pairs of brackets in j3 and where := $2, 




where the summation is over all chains C : 0, 



n 





U{i,2}l— I{3,4}U{3,4,5}LJ{1,2,3,4,5} 
Ru{W[l..S\)) . 
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In particular for Example 1.6.3 (/ = {1, 2, 3}, ui — 1/2 — I's — 1) we have 

= —^[123] + *[[12]3] + ^[1[23]] ~ 

~^ (/ - ^123(321)) + 1- (/ + 423(213))(/ - ^123(321)) + 



□ {1,2,3} □{l,2}n{l,2,3} 

+ ^ ^ (/ + i?i23(132))(/-i?i23(321)). 

U{2,3}U{1,2,3} 

Similary for / = {1, 2, 3, 4}, i/i = 1/2 = 1^3 = 1^4 = 1 we have 

J^1234j-l _ ^j^234] — \l'[l[234]] " ^[12[34]] " ^[1[23]4] " ^[[12]34] " ^[[123]4] + 
+ *[[12][34]] + *[[[12]3]4] + *[[1[23]]4] + *[1[[23]4]] + *[1[2[34]]] 

(Here we suppresed the upper indices in ^j^^ and ^^^^^). 

COROLLARY 2.2.8. (EXTENDED ZAGIER'S CONJECTURE): For u 

generic, = n, for the inverse of the matrix A^'^'> — A^'^\q) we have 

i) [AW]-^ e ^Matr..{Z[q,,\) 

where {ZT is the following diagonal matrix 

^"■■^ n n n n ^m) 

l<a<h<n l<a<b<n l<a<b<n a<k^l<b 

i') [A^''^' e J-Mai„!(Zfe,.]) 

Cli/ 

where dj^ is the following quantity 

d.--- n n (1-?/^)= n a-n^^^) 

(tH^ and Q/j, are the same as in Lemma 1.9.1). 
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In particular when all qij = q (Zagier's case) we have from i): 
ii) [A'iq)]-' e -^Matni{Z[q]) 

where 

n 

l<a<b<n k=2 

Proof, i) follows from Thm 2.2.6 by taking the common denominator which 
turns out to be = ni<a<6<n ^[a..b] because any \Z\'[a..b] appears at most once in 
each of the denominators Gc (and actually appears in at least one of them), 
i') The entries of are zero or i where i = ii- ■ - in is any permutation of u 
(|i| — u) considered as a subset of / (because u is generic!). Since 

□^i = n (1- n ^^.0 

l<a<6<n a<k^l<b 

~ n ~ q{ia,ia+l,-;ib}) ~ n '-'{«a,ia+lv,26} 

l<a<6<n l<a<b<n 

we see that ri^; divides 

ii) Note that in case all qij = q: 

□^i - n (1- n 

l<a<6<n a<k^l<b 

n 

= n (i-g(''-"+^)(''-")) = j](i-g'=(*=-^))'^-*=+i = 5„(g). 

l<a<fe<n k=2 

This completes the proof of the Extended Zagier's conjecture. 

REMARK 2.2.9. In [Zag] p.201 Zagier conjectured that A„(g)-i G -^Matni{Z[q]), 
where A„ := nfe=2(-'- ~ g*^^~^-*) and checked this conjecture for n < 5. But we found 
that this conjecture failed for n = 8 (see Examples to Prop. 2. 2. 18). It seems that 

33 



our statement in Corollary 2.2.8 ii) is the right form of a conjecture vahd for all n 
when all Qij are equal. 

PROPOSITION 2.2.10. Let Cn be the number 0„ — i„ chains in the subdivision 
lattice S„ (i.e. the number of -terms in the formula for [A^^^\~^ v generic, \v\ — n 
in Thm.2.2.6 ), co := 0, ci := 1. Then 

C{t) = C„r = 1(1 + i - Vl - 6i + ^2) = t + ^2 ^ ^ -^^^A ^ 45^5 ^ ;^g7^6 ^ . . . 
n>0 

Proof. By Remark 2.2.7 this counting is equivalent to the Generalized brack- 
eting problem of Schroder (1870) (see [Com], p. 56). 

By expanding the root (1 + m)^''^, u = —6t + t^ we obtain 

cn= E (-i)- (^"-2^-y' 3»-^-2— ^ 
^ ^ ' v\{n-2v)\ 

Another formula follows by applying the Lagrange inversion io C — ^-jipf-, 
where C — tC : 

-|:<-)-5i^("r )(:-::;) 

In fact, the numbers c„ can be computed faster via linear reccurence relation 
(following from the fact that C{t) is algebraic ): 

(n + l)c„+i = 3(2n - l)cn - (n - 2)cn_i, n > 2, ci = C2 = 1. 

Finally, wc note that the numbers g„ = 2c„, n > 2, gi = 1, g2 = 2 have yet 
another interpretation as the numbers of underdiagonal (except at the ends) paths 
from (0,0) to (n,n) with step set {(1,0), (0, 1), (1, 1)} (c.f. [Com], p.81). 
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y4 1 / 2n - 1 - r \ 
^ 2n — \ — r\r^n — r^n — r — \ J 



^From this interpretation we get 

n-l 
r=0 

(cf. [Mo], p.20). 

Now we turn our attention to the computation of entries in the inverse of A^''^ , 
u generic. First we note that any n\ x n\ matrix A can be written as 

where A(g) are diagonal matrices defined by A{g)i^i — (all i) {Rn{g) is the 

right regular representation matrix Rn{g)ij = Si^g.j, cf. 1.8). 

We call A{g) the g-th diagonal of A. 

Hence, if we write 

[A^^)]-! ^ ^[^H]-l(^)i?,(^) 

96S„ 

then by Prop. 1.8.1 (in case v generic ) we have 

{a,b)€l{g-i) 

In order to compute [A^'^^]~^{g) we first write 

[AH]-^(^)=A'^(<7)AH(<7) 

where A'^{g) are yet unknown diagonal matrices. 

Similary, for each subset 7^ J = {ji < j2 < • ■ • < ji-i} C {1, 2, . . . , n — 1} we 

write 

[A^JY\9) - K{9)4\9) 
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and for any segment / = [a..b] C {1, 2, . . . , n} 

where A.j{g) and A'^{g) are unknown diagonal matrices. 

If (t( J) = J1J2 ■■■ Ji is the subdivision of {1,2,..., n} (cf. Remark 2.2.5) associ- 
ated to J, andif 5( = 9192- --gi e Sj = Sj^Sj^ ■ • •S'j,, thenA^jig) = A.j^{gi) ■ --A^igi). 

Let us denote by (resp. 5'^) the subset of Sn of all elements g such that 
g{l) > g{n) (resp. g{l) < g{n)). It is evident that — S^Wn, — S^Wn, where 
Wn = nn — 1 ■■ - 21. 

PROPOSITION 2.2.11. The diagonal matrices A^{g) are real and satisfy the 
following recurrences : 

i) A'^(y) = (-l)"-^|g'^(^^„)|^A'^(^^„), ifg e S> 

it) K^{g) = Af,..„](5) = i-^f^'-'m), ^fg e S< 

•^[1-"] $^JC{l,2,...,n-l},g€Sj 

n') A^(^) = ^ E (^?[i...])'^^'^<^^'^'A[i..fc](^')A[.+i..n](/), 

'^■■"^ g=g' g" eSkxS„-kA<k<n-i 

^fg&s<. 

In particular, [A^'^^]~^{g) = [A^'^^]~^{gwn) — if both g and gwn are not split- 
table, i.e. if the minimal Young subgroup containing g (resp. gWn) is equal to Sn- 

Proof. By substituting the formula = ^ — (/-(-l)"^^(m 

I ^[l..n] 

into formula for [74^^^]"^ in Prop. 2. 2.4 we see immediately that for g e 5"^ 

[A^'^rig) = E (-i)'"^M4^^]-^(^)pJ- (*) 

4,^JC{l,2,...,n-l} L-I[l..„] 

(Here we use the fact that A[^^ — YlgeSj ^v{g) inverse of the form [74j'^]~^ = 

Eg65j K{g)Rv{g) and that g e Sj,J (f)^ g{l) < g{n) and gWn{l) > gWn{n).) 
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Then for g ^ S^, again by Prop. 2. 2. 4, we have 
implying that 

K''{g)Mg) = {-lT-^K''{gwn)RA9Wn)Mwn) 
= {-lY-'K''{gWr,)\Q^{gWr,)\^RM 

by Property 3.ii) from 1.8. Thus i) is proved. 

The property ii) is immediate from (*) because [74j]~-^(g') 7^ =^ e Sj. To 
prove ii') we shall use the following 

LEMMA 2.2.12. (Short recursion for the inverse of^^*^)): We have 

n—l 
k=l 

where A^^j^y = Ru{Sk x Sn-k) is just A^J^ when J = {k}. 

Proof of Lemma 2.2.12. For fixed k,l<k<n — Iwc write every subset 

J ^ {ji < ■■■ < ji-2 < ji-1 ^ k} as f\J{k} where j' = {ji < ■■■ji-2} Q 
{1,2,...,/?- 1}. Then 

A^J^ — Rv{Sji X In-fc) • Rvi'^k X Sn-k) 

Now we compute 

= {{-lf-^R,{Sk X In-k)-^ ■ Mwii,.k]))Mlk X Sn-k)-' (by the Proof of Prop.2.2.4) 

= {-l)''-^[R,{Sk X ln-k)Ru{ik X Sn-k)]-''M'>J^[l..k]) 
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By summing over k,l<k<n — 1 and substituting into Prop. 2. 2. 4 we are done. 

Now we prove ii'). Let g E S^. Then by substituting the formula (/ + 
{—l)"'Rt,{wn))~^ = i—p — (/ — {—l)^Ru{wn)) into Lemma 2.2.12 and comparing the 
terms involving R^ig) in both sides we get 

l<fc<n-l 

= (-l)^"^A{fe}(^'w[l..fc]/)^^(y'w[i..fc]/)^^(W[i..fc]) 

l<k<n—l,g=g g GSf^xSn-k 

E (-i)'"'A[i..fei(^'^[i../^])A[.+i..n](^")IQ(^'«^[i..;^])l'^.(5'5") 

l<k<n-l,g=g' g" eSkXS„-k 

(**) 

(by Prop.1.8.2). 

Now, if g'{l) < g\k) then g w^i,_k]{l) > g W[i_,k]{k) so by i) we have 

A[i...i(^'^[i..fc]) = (-i)'-^iQ^(^')rA[i...](^')- 

Then (-l)^-iA|; ,)(^'w[i..fe])|g'^(^'w[i..,i)|2 = |g-(w[i..fe])|2A-(y'). Similary, if > 
g{k) then5''u;[i..jk](l) > g w^-i,_k]{k) , soby i) we have (-1)'=-^A{; j^](^''u;[i..jfc])|g''(^''fi;[i..fe])P = 
K^{g'). By substituting these two formulas into (**) we get 

Afi..„](5) = =^ l^?'^(«^[i..;^])r'^'^'^<^'^'^^Af,..,](<7')Af,+i..„](/). 

l<fe<n-l,ff=g'g"e5fcX5„_fc 

Finally we use that \Q'' {w^,..k])? = \{i<a<,<kQU} = Q\i,2^...M = Q\i..ky 
completes the proof of Proposition 2.2.11. 

COROLLARY 2.2.13. With notations of Remark 2.2.7 and Proposition 2.2.11 
we have the following formulas for the diagonal entries of the inverse of A" , v 
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generic, — n. 

(^_l)f'(/3)+n-l 

I 



i) [A^''Y\id)^Yl FIT 

U/3 



where the sum is over all generalized bracketings (3 of the word 12- ■ - n, which have 
outer brackets. 



U[l..n] p 

where the sum is over all generalized bracketings (3 of the word 12- ■ - n, which don't 
have outer brackets and where is defined, analogously as D^, to be the product 
of Qy^ 6] ^^^'^ bracket pairs in (5. 

Proof, i) follows from Remark 2.2.7 because i?,^-terms contribute only to 
nondiagonal entries . 

i') follows by iterating Proposition 2.2.11 ii)' in the case g = id and using that 
[A^-^^-^id) = A''{id)A^''\id) = K^{id)Q''{id) = K^{id). 

In particular if 7 = {1, 2}, vi^V2^ 1, we have A^^(id) = [A^'^]~'^{id) = |=p — . 

U{1,2} 

In Example 1.6.3 (/ = {1, 2, 3}, ui = U2 = I's = 1) we have 

A-(«) = = + + ^.^ 

U{1,2,3} U{1,2}U{1,2,3} U{2,3}U{1,2,3} 

1 ^ Q{1,2} ^ Q{2,3} ^ 

□ {1,2,3} □{1,2} ^{2,3} 



Similarly for / = {1, 2, 3, 4}, i/i = 1/2 = i^3 = = 1 we have 



A^^'^id) = [A''^T\id) = 

1 r 1 1 1 1 

+ 



□ 1234 I ^12 ^23 ^34 □12^ 



34 
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+ (-1 + 



□ 



12 



□23 □ 



+ (-1 + 



123 



□ 



23 



□34^0 



234 . 
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1 1 ;L _|_ _|_ Q23 _|_ Q34 _|_ Q12Q34 



ni234 I ni2 023 034 0x2034 

_|_ ^ Q12 ^ Q23 ^ Q123 ^ ^ Q23 ^ ^34 -^ ^234 

O12 O23 O123 O23 O34 D234 

(Here we abbreviated Q{i,2}, Q{2,3,4} to (5i2,<5234 etc.). 

If we take all qij = q (Zagier's case), then we obtain easily that 

1 + ?' 



H)- (i_g2)(i_ga)(i_gi2) -^ 
which agree with Zagier's computations. 

REMARK 2.2.14. The formula i') in Corollary 2.2.13 can be interpreted also as 
a regular language expression for closed walks in the weighted digraph (a Markov 
chain) on the symmetric group Sn where the adjacency matrix A{T>^) is given 
by nondiagonal entries of A^""") multiplied by -1, i.e. A{V'') = -{A^""^ - I). Then the 
walk generating matrix function of is nothing but the inverse of A'^'^^ because 
W{V'') = (/ - A{V''))-^ = [AM]-^ For example, we have 

W{V'^%losed = [^''']-'M)=g{i,2,3}U + ^3{l,2}^ + Q{2,3}^) 
W{V'^^%osed = [A^^^]-\id) = Q[i..4]* {1 + Q[,„2]^ + g[2..3]^ + Q[3.A^ + Q[L.2]^Q[3 
+ (1 + Q[l..2]^ + ^[2..3]''')^[1..3]''' + (1 + ^[2..3]''' + ^[3..4]^)^[2..4]'''} 

in the familiar formal language notation (x* = = yz^)- 

REMARK 2.2.15. Besides the formulas for c„ = total number of ^'c-terms in the 
formula for [A^"'^]-^ (Th eorem 2.2.6)= total number of O^^-terms in the formula 
for [A^^'>\~^{id) (Corollary 2.2.13 ) we can also give the formulas for the numbers 
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Cn,k '■— Card Cn,k {n > 2,1 < k < n — 1 or n = 1 and k = 0) where Cn,k :=all 
generalized bracketings of the word 12... n which have outer brackets (surrounding 
the entire word 12. ..n), having all together k pairs of brackets, if n > 2. 
(i.e. Cn,k = number of terms in [A^'^^]~^ (id) having k factors). 
For example C3,i = 1, 03,2 = 2, 04,1 = 1, 04,2 = 5, 04,3 = 5. 

LEMMA 2.2.16. We have 



C{t,z}^t+ 2^ Cn,kt Z = 2(1 + Z) 

a) 

If n + k — 1 \ f n — 2 



Cn,k = -y ^ J J ,n>2,l<A;<n-l,Ci,o = l. 

Proof. We first observe that each bracketing P e Cn,k can be viewed as a word 
w = w(/3) e {x, y, y}* (by replacing each left bracket [ by y, each right bracket ] by 
y and each of the letters 1, 2, n by x) such that \w\y — k, \w\x — n. Then for the 
language C = C' + C " where C' :— Ci^ — x, C " — Un>2 i<fc<n-i ^'n,k we obtain the 
following language equation 

C = X + yCC^y (*) 

where for any alphabet A we denote by the set of all nonempty words over A, 

i.e. A"^ ^ A + + ^ = By letting x = y = 2;, y = 1, where t and z 

commute we obtain from (*) the following quadratic equation for the corresponding 
generating function C = C{t, z) = t + J2n>2,k<n-i (^n,kt'^z^- 

(l + z)C^-(l + t)C + t = 

from which i) follows immediately. 
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The formula ii) for the coefficients Cn,k follows by Lagrange inversion applied 
to the following (equivalent) equation for C: 

c = ^^ 

1 — z ^ 

(Note that Lagrange inversion applied to C = would give a refinement 

of the second formula for c„ (see Prop. 2.2.10) with 2^ replaced by (j^.^^), but our 
formula in ii) is shorter). This proves the Lemma. 

Note that Cn,n-i = n^n-i) J^^^ n-ili Catalan number (cf. [Com]. p. 53) 

COROLLARY 2.2.17. The numbers c„,fc of terms in [A^'"^]'^ {id) (v generic, 
— n) having k \Z\-factors (in Corollary 2.2.13) or the numbers of regular expres- 
sion monomials of degree k in W{'D^'^^) dosed (in Remark 2.2.14) are the coefficients 

of the following Catalan-Schroder polynomials : 

n—l ^ 
k=l 

i.e. Cn,k = [z'']Pn{z). 

Note that Cn = -Pn(l) = Ylk=i ni^^k~^) (fe-i) ^'^ another formula for number 
c-n of On — In ckains in the subdivision lattice E„. 

Now we turn our attention to computing a general entry of the inverse of A^, 
u generic, \v\ — n. 

Let g e 5'<(i.e. giX) < g{n)) be given. Let J{g) = {ji < j2 < ■ ■ ■ < Mg)-i} C 
{l,2,...,n— l}be such that Sj(^g) is the minimal Young subgroup of Sn containing 
g. It is clear that J{g) can be given exphcitly as 

J{g)^{l<j<n-l\g{l) + gi2) + --- + g{j)^l + 2 + ---+j} 
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( ^ JK_ J.^n>2,P,(.) = l 



Then by a{g) — Ji J2 • • • Jn{g) G S„ we denote the subdivision associated to the set 
J{g) i.e 

Jl = Jl{g) ■= J2 = J2{g) ■■= b'l + ^-h], • • • , Jn(g) ■= Jn{g){g) = \jn{g)-l + l--^] 

and hj g = (71(72 ■ ■ ■ gn{g) we denote the corresponding factorization of g with gk G 
Sjk{g)j 1 < ^ ^ ^(fl')- By noting that g & Sj J Q J{g), we can rewrite the formula 
Prop. 2. 2. 11 ii) as follows 

- E (-i)'"|-^^a:;w(^) 

^[1-"] 0^ifC{l,2,...,n(5)-l} 

where J(X) := {jk\k e C {1, 2, . . . , n - 1}. (Note that if J{g) = ^ and 
gWn are not splittable), then h^{g) = by this formula too.) 

In terms of subdivisions this can be viewed as a recursion formula: 

A[i..n](^) = ^ E (-l)'A^(Ko(5xJ • • • A,Vo(5kJ (*) 

where /(X,) := (Jjfceif. •^^(f)' 9k, — IlfeeK, « = 1> ^■ 

By iterating this recursion formula (*) (as in Theorem 2.2.6, Remark 2.2.7, 
Corollary 2.2.13) we obtain 

Afi..„](<7) = {Y.^-lf'^^''^'^-'^,)^MgM) ■ ■ -^M^^i^M (**) 

where j3 run over all generalized bracketings of the word 12 • ■ ■ n{g) which have outer 
brackets and where each bracket pair [a.. 6], 1 < a < 6 < n{g), we set 

1 



[a..b\ ■— 



\I\ja[jJa+l[J-\JJb 
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(6(/9) :=number of bracket pairs in Thus the expression in the parentheses can 
be viewed as a "thickened" identity coefficient 



1 



[10.) 1 1^ j^_2^ J2,-,n(g)^J„(g) 

which we shall denote by 

(In particular we can now write Aj'^ n](^c?) also as ■^['i][2]...[ni)- 

As an example for this notation we take g — 41325786. Then a{g) — [1..4] [5] [6. .8] 
i.e Mg) = [1..4], Ug) = [5], Mg) = [6..8]. So 

123 V 111 

^[1..4][5][6..8] = ^ («^^)ll^[1..4],2->[5],3-^[6..8] = ^ (-1 + 7=^ + 7^ ) 

U[i..8] L- '[1-5] L-l[5..8] 

(c.f. Corollary 2.2.13). 

Now we have one more observation concerning the formula (**). To each 
nonzero factor Aj^^g^{gk), I < k < n{g) in (**) we can apply Prop. 2.2.11 i) because 
gki being a minimal Young factor oi g, is not splittable and hence 
i/fcOfc-i + l) > QkUk) (otherwise gkWj^ would also be nonsplittable =^ K''j^^g^{gk) = 0) 

^M9)(9k) = (-i)|''=(^^'-^iQ'^(».(.))rA:;,(,)(^.^..(.)) 

By substituting this into (**) wc obtain the following algorithm for computing the 
diagonal matrices h.''{g) describing the inverse of A^'''^ 
(recall that [AW]-^ = E,e5„ A'^(^)^(^))■ 
PROPOSITION 2.2.18. (An algorithm for h^{g), v generic, \v\ = n). For 

g E Sn we have 

^11..m{9) = {-ir-''^'^Kig)\Q''{9')\'Kig){9') 
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where g := gwj^g) (wj(g) = the maximal element in the minimal Young subgroup 
S'j(g) containing g). A similar statement holds true if we replace [l..n] by any interval 
[a..b], 1 < a < b < n. 

Proof. If g{l) < g{n) this is what we get from (**). 

If g{l) > g{n), then J{g) = ^,Sj(^g) = Sn,wj(g) = nn- 1...21 = Wn,n{g) = 
l,a{g) = [l..n], A;^(^) = A^(i(i) = I,g' = gwj^g) = gwn, so what we needed to 
prove is just the claim in Prop. 2. 2. 11 i). The Prop. 2. 2. 18 is proved. 

To illustrate this algorithm we take g — 41325786 {u can be any generic weight, 
= 8) for which J{g) = {4,5}, Ji (5) = [l.A],J2{g) = [5], Jsig) = [Q..8],n{g) = 
3, n = 8, wj^g) = 43215876, g' = gwj^g) = 23145687, Q-'ig') = Q^^Q^Qls. 
|Q'^(^')|2 = Q''{g')Q''{g')* = Q{i,2}Q{i,3}Q{7,8}- Then the first step of our algorithm 
gives 

Afi..8](^)=Afi..8] (41325786) = 

In the second step of our algorithm we compute 
A[i..4](2314) = (-l)^-'Afi..3][4]Q{2,3}A[i..3](132)Af4](4) 
A[6..8](687) = (-l)=^-'Af6„7..8]A[6](6)A[7..8](78) 
In the third (and the final) step we need only to compute 

Afi..3](132) = (-l)=^-^Af,]p..3]Afi](l)Af2..3](23). 

Since Ap, gj(78) = Ap.]jg],Aj'2 3](23) = ^[2][3]^ iQ{i,2}Q{i,3})Q{2,3} — ^fi..3]' A['i](l) = 
• • • = Aj'gj(8) = /, we finally obtain 

A[i..8] (41325786) = -A['i..4][5][6..8]A['i 3][4]A['i]p 3]Ap][3]A|'g][y gjAI'^jjgjQI'i..^ 
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As a general example we take g = wj where J = {ji < • • • < ji-i} is an 
arbitrary subset of {1, 2, . . . , n — 1}. Here n{g) = I and g' = id, so by one application 
of our algorithm we obtain 

where Ji = J2 = \ji + I. .32], ■ ■ ■ , Ji ^ + l--n\. 

In particular for n = 8, J = {4} we obtain 

Afi..3] (43218765) = (-l)«-2Afi..4]f5..3]Afi..4](1234)Af5..3](5678) 

1 



-■'i-riiroirciir/ii-'i-rc;! 
J[1..8] 



□^'Ml][2][3][4]^M5][6][7][8] 



In Zagier's case, when all Qij — q, we would then have (c.f. Examples to Cor. 2.2.13) 

A^ (43218765)- ' {I + + + + , 
A[,..3] (43218765) - ^ _ ^7.8 (1 _ ^1.2)2(1 _ ^2.3)2(1 _ ^3-4)2^ 

But the denominator of this expression does not divide Zagier's Ag = (1 — 

?21)(1 - q^ ''){l - g4-3)(i _ ^5.4) (1 _ ^6-5) (1 _ ^7-6) _ ^8-7) Namely Ag/L's = 

(1 - g^-5)(l - g5-^)(l - g^-^)/(l - q^-^){l - q^ '^){l - q^'^) is not a polynomial due to 
the factor 1 — + g'' in the denominator. This computation shows that the original 
Zagier's conjecture (c.f. Remark 2.2.9) fails for n — '&. 

Now we return to our agorithm. We shall show now that it is somewhat better 
to combine two steps of our algorithm into one step. This can be observed already in 
our illustrative example {g — 41325786) where after the second step the "unrelated 
factors" 2} ^'^d 3| from the first step were completed, with the factor 3|, 
into a "nicer" term Q^^ gj having a contiguous indexing set. Fortunately this holds 
in general, but first we need more notations to state the results. 
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To each permutation g E Sn we can associate a sequence of permutations 
g, g', g" , . . ., where is obtained from (yf*^^-* by reversing all minimal Young factors 

in i.e g' = gwj^g), g" = gwj^g'y g^^+^^ = (^W)' = g^''^Wj^g(k)), . . .. 

We shall call this sequence a Young sequence of g. 

We call g tree-like if g^''^ = id for some k, and by depth of g we call the minimal 
such k. 

Besides the notation A^^^^ = ^\^g)j,^g)...j^^^^^(gy where a{g) = J,{g)--- Jnig){g) 
is the subdivision of {1,2,..., n} associated to the minimal Young subgroup Sj{^g) 
containing q we need a relative version A^, , , which we define by 

<^{9')-o-{g) ' a{g'\Ji{g)) a{g'\J2{g)) o-(9Vn(s)(fl)) 

For example when g = 41325786(^ g' = 23145687), Ji{g) = [1..4], 72(5) = [5], Js{g) -- 
[6.. 8], we have 

- ^Ml23][4]^M5]^M6][7..8] 

Also, besides the notation, for T C {1,2, ... ,n},Q^ — YlabeT a^bQa,b (introduced 
in 1.8), we define for any subdivision a — J1J2 • • • J; of {1, 2, . . . , n}: 

For example: 

Qfl..3][4][5][6][7..8] = Q\\..Z\Q\^\Q%\Q\%\Q\l..%\ = Q[l..i\Q[7..S\- 

PROPOSITION 2.2.19. (Fast algorithm for h^{g), v generic, \v\ = n): 

With the notations above we have 
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(n{g) — the number of minimal Young factors of g) 

Proof. The proof consists in combining together the first two steps of the 
algorithm in Proposition 2.2.18. 

First we note that in the unique factorization of g — gig2 ■ ■ ■ gn{g) G ^J{g) — 
^M9)^M9) ' ' ' ^Jn(g)i9) (here Jk{g)'s denote intervals associated to the set J{g) C 
[1 . . .n — l](cf. Remark 2.2.5)) w.r.t. its minimal Young subgroup. This implies 
that 

9 = 9Wj{g) = giWj,(g)g2Wj^^g) ■ ■■gn{g)Wj^^^^(g) = (t/l)'(52)' " " " (^n(s))' 

By using this formula we can write the first step of our algorithm (in Proposition 
2.2.18) as follows: 

Ari..ni(^) = (-i)"-"^^^A:(.)iQ'^(y')iX(.)((^i)')A:;.(.)((^2)') • • • A:;„(,,(.)((^n(.))') 

(*) 

For g" — g'wj(^g') we also have the formula g" — {gi) "{g2) " ■ ■ ■ {9n{g))" , so the second 
step of our algorithm gives 

Kig)ii9d'WMg)ii92)') ■ ■ ■K.,,,ig)ii9nig))') = 

= (-i)"-"^^'^A^(^,)^^(^)|g'^(/)rAV)(/) 

By substituting this into (*) and using the following general fact (which is immediate 
from the definition of Q^(^) = Ua<b,g-Ha)>9-Hb) Ql,b)- 
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\Q\9)Q\9)? = QM,)QMg) ■ ■ ■ Q\,,,ig) = Q^i,)) we finally obtain the desired 
formula. 

Now we shall state our principal result concerning the inversion of matrices A^'^^ 
of the sesquilinear form ( , )q, defined in 1.3, on the generic weight space fu, |z^| = n. 

THEOREM 2.2.20. [INVERSE MATRIX COEFFICIENTS] Let u be a 

generic weight, = n. For the coeficients A^^g) in the expansion 

geSn 

we have, with the notations above, the following formulas: 
i) If g E Sn is a tree-like permutation of depth d, then 

+ 1 



' d-1 



where N{g) Yl ^^^'^^ ^ ~ ^ = 

a) If g & Sn is not tree-like, then A^{g) — 0. 

Proof, i) follows by iterating our fast algorithm (of Prop. 2. 2. 19). 

ii) If g is not trcc-likc then in the Young sequence of g we encounter some Young 
factor which together with its reverse is not splittable, but then the corresponding 
A|;](the factor) = (c.f. Prop.2.2.11), hence A^(^) = 0. 

Now we give explicit formulas for the inverses of A^'^^ and A^"^^^: 

[^i23]-i ^ ^— ~ (^(123) + ^(321)) - 

□ [1..3] □[1..2]n[2..3] 

- ^^(^(213) + g[i..2]^(312)) - -^(^(132) + g[2..3]^(231))}. 

U[1..2] U[2..3] 

[^i234|-i ^ A^^^^{id)R{123A) + ^— {- ^ ~ ^(2134) 

ni234 0x20123034 
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i?(2143) + 




^(2314) 



^(1342)} 



+ (eleven terms obtained by multiplying with — i?(4321)). 



For h^'^^iid) and h^'^^'^iid) see examples to Cor. 2. 2. 13. 

(Here we abbreviated Q[i..2\-iQ[2.a\ to (5i2 (don't confuse with (5i,2), Q234 etc.). 

Note that ^^234 13 ^ 24 x 24 symbolic matrix so the inversion of such a matrix 
by standard methods on a computer is almost impossible (the output may contain 
hundreds of pages of messy expressions!). 

REMARK 2.2.21. By using our reduction to the generic case formula 1) [^'^''^jij^ = 



in the case of degenerate weights v. E.g. for the inverse of A^^^ (see Example 1.6.4) 
one gets 



in 1.7 we can write also formulas for the inverse matrix coefficients 




-(1 + gii)gi3 
(l + gii)(l + ^13^31) 
-531(1 + qii) 




where 



A = (1 + qu){l - gi3g3i)(l - giigi3g3i)- 
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3 Applications 

3.1 Quantum bilinear form of the discriminant arrangement 
of hyperplanes 

Here we briefly recall the definition of the quantum bilinear form in case of the 
configuration An of diagonal hyperplanes Hij — H^j : Xi — Xj,l < i < j < n in 
R" (for general case see [Var]). This arrangement An is also called the discriminant 
arrangement of hyperplanes in R". The domains of An (i-e connected components 
of the complement of the union of hyperplanes in An) are clearly of the form 

= {x e R"|x^(i) < x^(2) < • • • < a;^(n)}, tt G 

Let (i{H^j) = Qij be the weight of the hypcrplane Hij G A^ where qij are given real 
numbers, 1 < i < j < n. Then the quantum bilinear form Bn of An is defined on 
the free vector space M„ = generated by the domains of An by 

where the product is taken over all the hyperplanes H e An which separate and 

Pr- 

PROPOSITION 3.1.1. We have 

Bn{Pn,Pr)= n 

(a,6)e/(7r-i)A/(T-i) 

where I{a) = {{a,b)\a < b,a{a) > cr(6)} denotes the set of inversions of a e Sn and 
XAY — {X \ Y) [j{Y \ X) denotes the symmetric difference of sets X and Y. 

Proof. For each hyperplane Hab '■ Xa — Xb we denote by iifj^ : Xa < Xb and 
^ab '■ Xa > Xb the Corresponding open half-spaces. Then Hab separates domains P^ 
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and Pr if either 

1) P^GH+s^ndPrGH-, or 

2) P, C H- and P. C 

In case 1) we have 7r~^(a) < 7r"^(6) and T"'^(a) > r~^{b) i.e (a, 6) G /(r^^) \/(7r"^). 
Similary in case 2) we have (a, 6) e -^(tt"^) \ /(t~^). The proof is finished. 

COROLLARY 3.1.2. The matrix of the quantum bilinear form Bn of the dis- 
criminant arrangements An — {Hij} of hyperplanes in R" coincides with the matrix 
_ j^q^^ ^ ^ (defined in 1.3), restricted to the generic 

weight space f^, where I = {1, 2, . . . , n}, z/i = 1^2 = ■ ■ ■ = i^n — ^ o^'i^d where 
q = {qij eR,l <i,j <n, qij = g^j}, qij = the weight of Hij for 1 <i < j <n. 

This Corollary enables us to translate all our results concerning matrices A^jU = 
generic, = n into results about the quantum bilinear form Bn. As an example we 
shall reinterpret our determinantal formula given in Theorem 1.9.2. First we recall 
some definitions and results from [Var] for the case of the configuration C = An- 
An edge of An is any nonempty intersection of some subset of hyperplanes of the 
configuration An- The set of all edges of An we denote by S{An)- The weight of an 
edge is defined to be the product of the weights of all hyperplanes which contain the 
edge. Then the Varchenko's formula (c.f. Theorem (1.1) in [Var]) reads as follows 

detS„= II (l-a(L)^)'(^) 
Le£(A„) 

where a{L) is the weight of the edge L, 1{L) is the multiplicity of the edge, defined 
in Section 2 of [Var]. 

In order to state our formula we denote by £' {An) C S{An) the set of those 
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edges which belong to k- equal subspace arrangements An,k — {^h — ■ ■ ■ — '■ ^ — 
ii < ^2 < • • • < ifc < n}, k >2, i.e 

^ (>^n) >^n,n U >^n,n— 1 U • • • U jA.n^2 

THEOREM 3.1.3. The determinant of the quantum bilinear form Bn of the 

discriminant arrangement An is given by the formula 

where for L — {xi^ — — ■ ■ ■ — Xi^,} ^ An,k C £' (An) we have 
<L)= n qi.i,AL)^{k-2)\{n-k + l)\ 

l<a<b<k 

Proof. In Theorem 1.9.2 we set I = {1, 2, . . . , n}, z/i = 1^2 = • • • = 1 
and for // C i/ interpreted as the set {ii, ^2, ■ ■ ■ , ^A;} we obtain = 1 — = 
1 - Ili^iG/. Hi = 1 - (ni<a<fe<ifc (liaibf (here qij are real!). But a(L) = Hh^l «(^) = 
Y\i<a<h<k(^iHi^ib) = ]\i<a<h<k1iai,^ so = 1 - a{Lf. Note that \^\ = k, \u\ = n. 
Now the proof follows by Corollary 3.1.2. 

Note that our formula for det is more explicit then Varchenko's formula, and 
in particular we conclude that the multiplicity /(L) = for all L e £{An) \ (An)- 

3.2 Quantum groups 

We shall adopt the notations used in [SVa] . Fix the following data: 

a) a finite dimensional complex vector space [) 

b) a non-degenerate symmetric bilinear form ( , ) on f) 
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c) linearly independent covectors ("simple roots") ai, . . . , e [)* 

d) a non-zero complex number k. 

Let 6 : f) — > f)* be the isomorphism induced by ( , ). We transfer the form ( , ) to 
f)* using h. Put hij = (ttj, aj); B = {bij) e Matr{C), hi — b~^{ai) e I). 
Put q = exp{2TTi/ k); for a e C put = exp{27Tia/ k). 

Let UqQ — UqQ{B) be the C-algebra generated by elements ti, fi,i — 1, . . . , n 
and the space 1^, subject to relations 

[h,ei\ = ai{h)ei; [hji] = -ai{h)fi 

[h,h'] = 

for all i, J = 1, . . . , n; /i, /i' e f). 

The comultiplication A : Uqg UqQ®UqQ is given by A(/i) = h ® 1 + 1 ® 
h, A{fi) ^fi® q^^l^ + q-^^l^ ® fi, A{ei) = q''*/^ + q-^^l^ ® a. 

The counit e : C/^g — > C is defined by e(/i) = e(ej) = e{h) — and the antipode 
A:UqQ-^ U,Q by A{h) = -h,A{e,) = -q'"/^, A{f,) = -q-'^^/^U We denote by 
C/gti- (resp. UqU^, Ugh) subalgebras generated by fi (resp. ei, h & i)), i — 1, . . . ,n. 
Uqn± are free. We have UqQ — UqXi^ ■ Uqi) ■ Uqn+. 

For A= {ki,...,kn) e N" put 

{Uqn-)x = {a; e Uqn-\[h,x] = — ''^kiai{h)x for all /i G f)} 
We have Uqn_ = ®x{Uqn_)x. 

Contravciriant forms. There exist a unique symmetric bilinear form S on UqVi- 
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satisfying 

S{1, 1) = l,S{fiX,y) = S{x,giy) 
where gi : {Uqn-)x (?7gn_)y,i = 1, . . . ,n; A- = (/ci, . . . , fcj - 1, . . . , A;„) are the 

i 

operators acting on fj = fj^ ■ ■ ■ fj^ e {Uqn_)x as follows: 

9^{fJ) ■■= E 5^-^''-'/^-^-^''-/^,, • • • 4 • • • 
p:jp=i 

If the weight A = (/ci, . . . , = (1,1,...,!), then for // = fiji^ ■■■fin J J = 
fjJn • • • fju e (t^«ti_)A is given exphcitly by 

where in the sum we take if cr(A;) > (t(Z) and —hi^^ otherwise. 

Here a — a{I, J) e 5'^ is the unique permutation such that jp — ia{p) for all p. 

THEOREM 3.2.1. The determinant of the contravariant form S on the weight 
space (t^gti-)(i,i,...,i) is given by the following formula 



det5|([/^„_)(,_^ J 



) 

n 

I 



^ q-ltEi<k<l<nbkl JJ" JJ" ^Ei<fc<i<^&ifci,)("J-2)!{n-m+l) 

m=2 l<ii<---<im^n 

n 

H (q-hT,l<k<l<rnKH - qhT,l<k<l<rnKH)('^-'^y-('^-'^+'^y 

m=2 l<ii<---<im<n 

Proof. By factoring out from the matrix S{fi,fj) the factor q~4^i<k<i<nbki 
we get a matrix which (up to permutation of rows and columns) coincides with the 
matrix A^^"''^(q), where q = {qij}, Qij '■— Then we apply Theorem 1.9.2 and 

the result follows. 
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